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Recap on Bayesian Statistics
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Recap on Bayesian Statistics

H| O] 20f| TSt Recap & SIS LI,

Frequentist :

o EFE 52 Long-run frequencies (22 AtHS 25| BEH23HS o
AHAO] LOjLt= HIE) 22 QAL

o EEH X 7t UCHH, O| A1t 2HHE 2401 6
Constant 2= QIAISHL|CY.

o ZH : BIEO BYS U= YHESS U= A

Bayesian :

Jor

B> ﬂﬂﬂl

ro

Degree of Belief (Prior) 22 A2|grL|C}.
f':” O| 42t ZtHAEl 24~ (Parameter) Q1 0 £
2 (Hyperparameter) & S5y 02

NN
()
[

s

AN
L X e

JI0 ook o
o rE njo
AN > 4>
>£
10
m

B0l AlEe ECj2 BAGHs X

A
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Recap on Bayesian Statistics
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Recap on Bayesian Statistics

24 A E 2Efe2 27| W20, Asl= H0]2 Y2|S SallAM
Posterior Distribution 2 CtZ2} 20| d2|& &~ USL|Ct.

F(X[0)p(0) — f(X]|0)p(0)

e 7(0 | X) : Posterior Density (%43]7} =42 = =t A!)
o f(X|8) : Likelihood
o p(6) : Prior (}{3]2] Z2I20l QIg)
o [f(X|6)p(6)dO : Normalizing Constant
o f(X|0)p(#) : Kernel of Posterior Denstiy
Proportional 0|A 2 & &4+ 0 Of CHSH S4£QIL|Ct

o T d
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Recap on Bayesian Statistics
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Recap on Bayesian Statistics (Prior)

m(0 | X) o< £(X | 8)p(0)

o 247t O|Al= &EEHLE 2 g7 HE0 0 A HEEES
7} OF gL EY.

o 1% Prior 842 Y| 5tH =377
o PALO| QO|2 Prior £ MAT 4 QBT
o R40| MZI0| AGH MBS 5= HO| JH- ESLICH
o 0260 >00[2tH, 6~ (a,b) 2 20| 0 O|A}0Y| Y= BEE2 HHFI=

20| o 2L}
o O|Z & Likelihood 2} A5 Posterior 7} & L|C}.
o Prior o] H&FAH S Z|CHTH S0|= A0| H|O|Z0|Me| &HO|H, 0|
Non-informative Prior O|2t11 227|& §L|C}
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Recap on Bayesian Statistics
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Recap on Bayesian Statistics (Likelihood)

(0 | X) o< £(X | 8)p(0)

X Of Cist Ale 2 HfEf%Efﬁ Joint Distribution AIQIL|C}.

6 Of Ciet Ao 2 Hiet2CH g4 YL T

o 242 E% Tol Z01ZI HIOJEIS YRS [ T Y o4
240 ﬂ‘:'—9ic.’_|7\|01| st =2 LTt

f(X]0) 7t OtEl L(0 | X) 22 H7|E Ti= AS T

Ol ¢S 3—|EH2F A7l 0 2EZFS MLE 0|2t £FL(C}
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Recap on Bayesian Statistics
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Recap on Bayesian Statistics (MCMC)

(8 | X) o< £(X | 8)p(6)

o 7|20 22 BE&20| 2AE otH, 142 A35|l= Normalizing
Constant 0|2t 220, pdf HEHZ SF27| oA AL}

e StA|Zt MCMC 2| BR0f|l= 2|2t Z& Un-normalized Density 0| =
AHE0| 7t LIE

o fE 7| YS AEotE BEEA|
O|AS MCMC 9| 3% ¢
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Conjugate Prior
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Conjugate Prior

Posterior 2} Prior 7t £Zt2 Family of Distribution 2 [Ch2tZtCHH, 4SS
Z|8|= Conjugate Prior O|2t11 2SL|C}.

= Posterior 1} Prior 22X SC} A &2 E 2 =ICHH O|HE
Conjugate Prior 2t11 & 7} U&= AQJL|CH
o Likelihood 2} Prior SCt &E&0[7|0 gol= A2 &5 &6t
ZrO[R|2F & 2242l AHo|AL| B2 O] AHO|AE 2Tt AHESHH
LT
e Conjugate Prior = 11 Of|A| 2 SILtO|0, Likelihood 2} Prior 7}
ojst 22 E WELt= AS 0|0] L0 QUCHH Posterior 7 0
JEYR| Ot= BR7F Z&tx|0f JUSLICE
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Conjugate Prior
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Conjugate Prior (Examples)

o 7[ZH2R Likelihood = H|O|E{0] h2tA CHE7]0] A35|7t o=
D23 R

o G}A|Bt Prior 8] A2 5|7} OF2CHE E 4 A7|0|| Likelihood 2}
ol22|= YE|Z UF':OM‘I Posterior 22X Conjugate Prior
O|8aiM e &= UA ELICt

Likelihood Prior Posterior Parameter
Binomial Beta Beta B(n,p)
Poisson Gamma Gamma Pois(\)
Normal  Inverse-Gamma Inverse-Gamma  N(y, 0)
Normal Normal Normal N(8, o?)
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Conjugate Prior
ooe

Conjugate Prior for Normal Mean

most 2

un
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Formulating the Posterior
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Formulating the Posterior

O|AE O|&3liA A 5|= Posterior & T+55ot= 40| 7t55HH, Conjugate
Prior O|2[2| OA[0ME EXHE|SLICH (172 ©f HEH HLC})
1000 7He| HEE SO0ilA 145 7l CtO| S0t st S5
&2 H|Et 2 F THELHE Prior & 7HESHIEHCE O™ O A
Ct2 1t 22 Hierarchical Model & F4s 4~ Q&LLCT.

mjo M
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Formulating the Posterior
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Formulating the Posterior (Example 1)

X ~ Binom(1000, 0)
6 ~ Beta(a, b)

o f(X]0)x 6*(1— 9)t000-X
() p(e) X 6371 (]_ _ e)b—l
o m(0 | X) x F(X | 0)p(6) = §7TX1. (1 — g)P+1000-X~1

. .1 T(a+X+b+1000 — X)
9a+X—1_ (1 _ g)b+1000-X-1
= (1-9) [(a+ X)-(b+ 1000 — X)

~ Beta(a + X, b+ 1000 — X)

Jaewoo Shin H|0|=2 SE{R] 222} Sep 21 2024 11/37



Formulating the Posterior
00®0000

Formulating the Posterior (Example 1)

712 A3|= Posterior 2] £XE Ct21} 2H0| 2|

ol

T AgHC

6 | X ~ Beta(a + X, b+ 1000 — X)

1000 7ff =OfA{ 145 7§ 7} ZFO|710]] X =145 O & o= QOO Beta
THEO| HHAS 0|8 & % |C}.
a+ X
EO0| X]= ——
[61X] a—+ b+ 1000

2{® a ot b @SS OEA SYSt=Lof W2tM O] gt bR A
LT,
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Formulating the Posterior
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Formulating the Posterior (Hierarchical Model))
of

O 2 Likelihood @} Prior 7} SC} FO{R|H| EICIH Posterior

Al
Sfe]
of &g ¢ & USUCH

Gl
g

Prior S{A| 22 W20, 1 20| 9l 242l Hyperparameters a, b
AA| BEE w2chD Btof L Ch

MH| 40l E2 MM Posterior & T+t &= 242 Hierarchical Model
oot RELICH =
X ~ Binom(1000, )
6 ~ Beta(a, b)
a~T(c,d), b~T(ef)
Sh2|2F AA| &&0|M= Prior & 0| £2t0|E2} 7FO| TAHZ &
Qs Aghe 2as| =2700] CIOIEIS SaiA Prior £ HEst 297}
Ak LEZ L CE — Empirical Bayes!
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Formulating the Posterior
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Formulating the Posterior (Empirical Bayes)

© vy~ h(@|v)
v %t AHH|E OLof| H|O|E| S O|2alAl 2HZ st 2= A!

=

g(x,0[~v)="Ff(x[0) h(0|~)

m(xw):/oo f(x|e)~h(e|v)d0=/°° g(x.0| 7)do

—00 —00

23 m(x | 7) & S3hM 7 S 23 4 U Fuct.
(2SS MLE S ALZELICH
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Formulating the Posterior
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Formulating the Posterior (Example 2)

Xi | A~ Pois(A), i=1,---,n
A| b~ Gamma(1, b)

ATX n 1
o L
m(x|b) = fo ~h(\ | b)dA
_ fo | | nx+1 1 e—n-)\ X % X e—/\/b - d\
o I'(nxx+1))[(b/(nb+1)]"x+1
- x1 1 xp!

0
8b|0g( (x|b)):—E+(n-x+1)-m:O
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Formulating the Posterior
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Formulating the Posterior (Example 2)

ng+1-1  —X[n+1/b
o ATxFL=L g [+/]~Gamma<n X+1, b+1)

~

. b
A=lpx+1] ——— =(nx+1) =g
[ ] b ( )

Empirical Bayes Estimator &= MLE 2t £ZCH
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Stochastic Process
®0

42 FALNR?

=Y {X;,t € T} : Collection of Random Variables, =
SEHSSS LIES] =2 AYL/Ch

t Of etA Hate|= A2 2l0|stH, E& t = A|ZHS 20Ut
2ol 32 O X, E t—AIZUMLl X gf2 20|5tH, {X;,t € T}
= AlZte| Bistol| 2 SEH gl HetE LIEF-LICH

X = 6t/2st &g (Finite/Infinite Set) O] & 4 UX|Tt Z|Z2
oot AetE 18 5HE L T

T 7t Countable SetO|H 1 & 142 Discrete-time &5
WEYUCH = A[ZH0] {0,1,2,---} 2F 22 HEHY ©.

T 7t 28t3lsro|H O &8 142 Continuous-time &5
HHULICE = A[7HO] [0,00) 2F &2 JENY of.
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Stochastic Process
oce

A

Stochastic Process (2& 1)

SETYS D208 CHS D 20| Xo, Xu, -+ . X1 THRIQ| HOJE 7} Ut
X, S 7517 YA AE|7} 7 Clo[ES ELfZ BEES A
gt

[=]

P(Xn | Xo, X1, X2, -+, Xp—1)
FEEO| OflAl= /7t _S7H2
@ Random Walk

@ Poisson Process

toh

@ Brownian Motion

@ Markov Process
0| 20| = *&|= Markov Process Off 3{&5H= Markov Chain Of| CH3H A
O ZpM|5| YotE of d LTt
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Markov Chain
0000000000000

Markov Chain

UsrHoz X, of S TE O|H BB WASO| AHS BaLIC
Markov Chain £ X, 2| 20| 22| 0|% "
b= A2 olojghu

C -

o

P(Xn ‘ X07X17 to 7Xn—1) - P(Xn ‘ Xn—l)

0|42 CI2H BRI X,y O] FOIHCI Xo, X0, -+ Xop Tt X, &
st
2 5t A9 20| 2 AIHO| 2018 YRS W T LI
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Markov Chain
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Markov Chain (Example)

0.5

Rainy

0.8

Figure: Markov Chain Of|A|
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Markov Chain
0080000000000

Markov Chain (Example)

0| =2t0|=0jA2] O|A|IE H2loiAl LotALH, Rainy QI A&t
o2t A5t X, o A&0| 2 £ = A2 Rainy, Cloudy,
Sunny O|{&.

e MM HESE

Rainy : 0.5, Cloudy : 0.3, Sunny : 0.2

ot 1.0 O] HULE = X1 2| ES fISHAM= X, 0lM F310
UASA| T Ot 2+50] 02t 1.0 22 FSFo17(0f o A[H2 LOot=
SEoIth= 20| T
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21/37



Markov Chain
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Markov Chain (Transition Probability)

One-step Transition Probability tS2t 20| delstAsL|ct
o0
pi =P(Xo=j | Xp1=10), pj=0, > pj=1
=0
AlER! X, O

ol Al X,—1 Of State 1 & I, &+

O| A4 sHAStAIH, ©
State j ¥ &&0| p; YLICH.
O| Transition Probability € Matrix YE{Z HSI6IH P 2| Matrix 2
HHO| 7ts&H Ef
o P ol 2 ¥o| fa5el Y B 10
o 2t @Ol g2 |§% o Lt gt
13 one-step transition probability matrix 2 P 22,
n-step transition probability matrix & P(") 2 B2 47} Ql&L|C}
Sep 21 2024 22/37
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Markov Chain
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Markov Chain (Transition Probability)

H|0| 2 EA|0| M= CI2 Notation 5= AF2317|0| 0| A F2|5tA|H
Z5 U
o X, — X
° Pi(jt) = p(X(t+) = j | X(®) = j)
Chapman-Kolmogorov Equation Of Q|5t3, Ct21t 22 YEHZ Transition
Probability & &= 20| 7t &L Ct.
p(n y p(m — p(nt+m)

0|42 2{5|9| n-step probability matrix Of HtZ 2-235}H,
P = p x p(r-1)

= 23| CH2 8 Y™ Markov Chain 2 25| &2lst= 20|

A

rr

o

ne-step transition probability matrix P
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Markov Chain
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Markov Chain (Irreducibility)

Irreducible §F Markov Chain 2 OFZ State / Of| A{ 2 State j 7t4|
EEYst= A0 7t °”—|Ef
= BE State i,j S2 i-th state Of|A A|2{St CtS0|| O] 2| = j-th state
Al E2ot= A0| 7ts5tth= 2|0|& 7ty Lt

o CIE2 = Class 7t 1 7HQ! Markov Chain 2 2|0|gfL|C}.

o SfA|BFO|AE Vi,j, p;>0Lte CE 2[0|E 7t LY.
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Markov Chain
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Markov Chain (Limiting Distribution)

Limiting Distribution w; = 0% Markov Chain O] n — oo 22 Z [{oj|
LI@= State 7t j & SEZ 2|0[gL|C}.

mj = lim P = lim P(Xp=j| Xo = i)

n—o0o

o Limiting Distribution 2] A% 251X %S 4= Q&L|C}

o ZIIZM0| FIS R S LICt

e Markov Chain WJOJ|A ZAIO 2 S0 = B2 E sHL2tE 7HR| 2
QICHH sHE State 2 TH4 Limiting Distribution & 7FA| 11 Q& LICY.
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Markov Chain
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Markov Chain (Stationary Distribution)

Stationary Distribution 7; &= O{% Markov Chain O]

SHE State j &
LEote HlEgs 282 & A2 Fo|7t gt

O|HES 21

AS5S A M2SHM Long-term Proportion 0|2t 4iZtsl{ = &I L|C}.
@ Stationary Distribution 2| 2 m = 7P & Ut=5t7| 20|
SN o =18k QLSBT 0] A2 E3lM F5H= 20| ZHsELICH
o 7 = [mp,m, - ,mn] where N is Total Number of States.
@ Irreducible Markov Chain 2| 4 4+ Stationary Distribution =
7HALCH (3t B2 2 State 74:_1lo1|'— L=5t7101)).
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Markov Chain
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Markov Chain (Aperiodicity)

O ot State Off QE ZH0f| CHE State 2= 7H7|7HA| Zel= 37| (Period)
UL Ct.

@ Period 2| 4% > 2 O|™, Markov Chain O] O{I{ St IHEIS TIA|HA
22407 €0, 0|22 TH2 o|0|2 27| 40| M7ICH: o|o|2
7t ck

@ Markov Chain L|Q| 2. E State =2| Period 7} 1 0|2} sHE Markov
Chain 2 Aperiodic 0|2t £&L|C}.

o Irreducible Markov Chain O|A2Q] 2= State 50| A7| XAl =2
Soto P22 HO|E 5LIE 712D QUCIH BHEA| Aperiodic
3H__||:_|»_

(=]
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Markov Chain
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Markov Chain (Ergodicity)

MZI5H A Irreducible 0|2 Aperiodic 8 SCt HESHCHH Ergodic
28 guych
Ot=0| | Ch30| dEEUCh

o LN | f(Xa) — Ex[f(X)] almost surely as N — oo

e P(X,=j|Xo=1i)—=mj,asn— o0
CtE 22, Ergodic Markov Chain Of|A{+= Stationary Distribution 2}
Limiting Distribution 0| £Z&L|C}.
= Ergodic Markov Chain Of|A{= Stationary Distribution & T+t Ct20j|
1L Limiting Distribution &2 sjAat= A& 7Hs3iChHs o[o|QL|CH.
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Markov Chain
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Markov Chain (Time Reversible)

23|= O{E}TtR| Markov Chain Q] &A{7} &t 2@ HZ|= Z10] CHah A
e AS LT

StZ|2F Time Reversible St Markov Chain 2| 22 BHCHO| BSF (Reversed
Version) 22 0|ssli< Markov Chain O] E|O-|O|: kL C}.

7Xn—27Xn—17Xna EEE o L th Yn—l; Yn—27 e
04 710]| State 52| Z+S CHAIO Transition Probability & &2 35tCIH
Reversed El Markov Chain 2| Transition Probability £ q; 22 Ct32t
Z0| Zo|7} 7ts Lot

qij = P(Ym:j’ Ym-1= i): P(Xn—m =J ‘ Xn—m+1 = i)
:P(Xn:J|Xn+1:/)
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Markov Chain
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Markov Chain (Time Reversible)

Time Reversible §t Markov Chain O] BtZ&|7| Q{siM& p;j = g 7t
2=0| =™ FLCf

- ~ P(Xo=))P(Xnr1=1i|Xa=]j) mpji
I" pr— P Xn pr— Xn pr— — N —
pJ ( .I ‘ +1 I) P(X,H.]_ — I) ﬂ_l_

2ol 42

oﬁ
o||

2|sHAtH,
T Pji

Pij = ———» TjPji = TiPj
i

OFZ|8F A& Detailed Balance Condition 0|2t 27| & gL C}.
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Markov Chain
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Markov Chain (Example Problem)

OfHt?l = 2+H Markov Chain &7t27

0l 371, 30| 17HY wje| % OfH?{= Markov Chain 21717
Transition Probability Matrix P £ 15}2}.

0| Z42 Irreducible 3 Markov Chain Q177

O] A2 Aperiodic St Markov Chain Q17}?

0| 42 Time reversible 3 Markov Chain @17}7?
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Monte Carlo
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Monte Carlo

Monte Carlo &HE0|2t AN

e Monte Carlo 2t O{2{& &O0tA (Random Simulations) A&
Computationally 5t#| off 25t= Y2 o|0|gtLCt.

@ LLN 0|2t Law of Large Numbers, CH4=2| 212 9|0|5t0H O|AHS
2EAZLCH

e Monte Carlo Integration O|2t folg (x)dx Q1 HFAIO| ZAHLIE
Tot= AE °|D|5H31 O|A& ti2
%Zi:lg ) — fo x)dx 2 E SolfM e =7t JS LT

o O{7|0|A U ’f’vd Unif(0, 1)
(Uy) et

o S A= HEAMS ¢ = 50 Bd2=2 HBO|
foo+7|01| OH g et B2 o= oM B UsS FYste
ALt

o AP O|Z12 23| S8510, HE0| E7H5T FEE pdf = 0|
Alo2 2Pt JHsELICE
o 3122t 0|zt 2H0|7| TI20| 0|0j SHEISHE D3 AA| ZRfELIC,
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Monte Carlo
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Monte Carlo

CHA| 23f, U; " Unif(0, 1) O7]0l| Olol| BHEtats pdf 2
f(x) = 1(0 < x < 1) 0|2} BE2A&LC}

1 1
/ g(x)dx = / F(x)g(x)dx = E[g(U)]
0 0
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Monte Carlo
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Monte Carlo (dt=1I)

0| £2}0|E0ME U3 S0|, AFERO| pdf A2 202 HEFH=
A E7tsguCt
e [ e (57)
g(x)dx = exp | —5x X
0

J2iM HESHE 7242 [0,1] 22 HIHZT| QSN y = 1 o2 &g
240104, & x = L —1 0|8 dx = —}dy 22 B Jacobian S S5t
I (x)dx—/l Gy — el 1. L
0 & o & y y? Y= HEly Y2
Y ~ Unif(0,1)

O|%e SallA 23 st 20| 7HsBiLCE
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Monte Carlo (ZTtz )

I =it

[
35/37
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Monte Carlo
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Monte Carlo (Estimating )

O Y2 OIZHHAM « Of ZE #A P 47t AT
S72t0j9] Holi= w2 9 22 SR UD U

271402 xy Z0I4 S1210/0] YA 2 +

0] H2 OI8FHA « 2kS 2B

S0210] ZOIME HLAFZBI0] SOI7Hs RESOH MBS

03 3 2RO Yol 2 0.25 = T YU,

S Q0IM S124018 & Selit BAZHESl Yols 1 YLic

o FAIZIEOIM BE 2 gSUICH DA RYLRAM Eooi &)

a2 @iLct
o HAIZEOIM EOpM SD20jol| S0jZ BE2 12 S12tolo|
C

0| LHe2] ALl §ol, = 7 7t gU L.
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Monte Carlo
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Monte Carlo (Estimating )

AAHOR WO, TH2 3} 2T

X "2 unif(0,1), Y &7 Unif(0,1)

1 n
SR+ VR <) S ENX2 Y2 <) = %
n
i=1
O 2[5 2 thEa Z20] #40| 7tseL

e Generate (ui,v1),- -+, (tn, vn), U, V ~ Unif(0,1)

o T=4x —27:1#(71’?+vi2§1)
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