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Markov Chain Monte Carlo (MCMC)
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Markov Chain Monte Carlo (MCMC)

ZE2X 0 2 = Irreducible and Aperiodic 3t Markov Chain Of|A{ &2
IS0 i.i.d StA &= Z10| He| £Vl E0|= Posterior Distribution 2|
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Markov Chain Monte Carlo (MCMC)

Posterior o< Prior x Likelihood

HZ Ot S0 E0| A2t CHAZE, Inverse-Gamma, 50| S0{7}7|
Al7151H Posterior 2= 0 525 JEIE = & AL CH
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Oll: Normal Likelihood with known Variance, where prior is normal, Z1&
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Metropolis-Hastings Algorithm (Discrete)

S4IL Discrete 3 29 AT HLICH
Q Initialize t = 0, X0
@ Sample X’ ~ Q(X' | X(¥)

@ Sample U ~ Unif(0,1)
0 IfU< W) then X(t+1) = X/ else X(t+1) = x(1)
Q@ t=t+1 Repeat2~5until t=T
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Metropolis-Hastings Algorithm (Discrete)

@ Initialize t =0, X(©) — xo € X
o t =0 AJHOIM X ZtS YT = CHAQLICE

e Markov Chain 9| 4 740 -|H'|11H 291 Initial Value 7t £S1Q1Z|0]| 2tA
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Metropolis-Hastings Algorithm (Discrete)

@ Sample X’ ~ Q(X' | X(1)

o Q 2| A2 Markov Chain WO{|A 2| Transition Probability Matrix
QIL|C}, MCMC = Irreducible 31710 0|74 Y A| 1748 THZSHRIOF
S ct.

o O|Z1 O|&3lA CtE =& gf2! X’ 24E &Lt

o Transition Probability 2| 2 0| 22 ook 5t7|0f s 2tS X
o =2 MAEsEL L.

o Q9| AR0= A3 U= HYsHE = JUR|TH, Symmetric 5 20|
714 EEUC (=0 29).
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Metropolis-Hastings Algorithm (Discrete)

@ Sample U ~ Unif(0,1)
° 112|'_ X' S ALY Q2| Z o2l o 3ol 1210] Cst
Statlonary Probability Of CHgt &0 °|3HA‘| Z2HELH L
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HE SoiiA AFE S| 2HR|0f Cfst HEE 2
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Metropolis-Hastings Algorithm (Discrete)

m(X)-Q(X1|X") t+1) _ 3t t11) _ y(t
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ol a>1 2 7|0 &= JEHCH
° OFIEIZOHE ot —*.‘RiZIUJ o k2|0 min(1,a) 7} S0{7t= 20|
YESHA| 2 Ale M= I AaglsUct
o a> 1 — 1, 2XHAAE
° a<1—>a,a°| SEZE ALE
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Metropolis-Hastings Algorithm (Discrete)

Q@ t=t+1 Repeat2~5until t =T

o MIZESS 02| ®C} EMHE Stationary Distribution Oj[A] = §11E

25" HelLc},

o O7|0f|M *&|Q| Stationary Distribution 2 Posterior Distribution
0|7|0|| Posterior Distribution Of|A] 8= Zi0|2f £2t2 212 £ 47}
UG LICE
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Metropolis-Hastings Algorithm (Continuous)

O|A|= Continuous-case & AI|ZI&LICE.
Q Initialize t = 0, X0 = x5 € X
@ Sample X' ~ g(X’ | X(®))
© Sample U ~ Unif(0,1)

© If U < ZOHICCE), then X(41) = X', else X(H+1) = X(©

Q@ t=t+1 Repeat2~5until t =T
Q@ — q, = Proposal Density 22 HIPUCH=E A 0|2|0|= BFHA|
&L
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Metropolis-Hastings Algorithm (Continuous)

Q@ Sample X' ~ g(X’ | X(1)

q(X' | X®): HF0| X(® 9l Proposal Density g OflA X(1) &
dggct

q = Discrete 2t £Z0| 2{3|7t d5t= 2 YT = A2,
Symmetric SjOFA| QFE0| |0 HAPHO 2 THFHRIL|C}
Symmetric Density & 7}Z|= Proposal Z0{|A] 712 20| AtEE| &=
Ae "z 2zl

D}okoﬂ Target Distribution (2= DLHE0] AUR 40| QICHH 1
Z 20| YAHZ Proposal Density 0| A= *Hnal% 215510k ElL|Ct.
o Of: ZLO}& 237} Target Distribution 0]7|0ff 22 40|00} FIC}.
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Metropolis-Hastings Algorithm

m(X) - QX | X)
T(X®). QX" | X(®)

O| 2o BAt2t 27} Prerof| L{E 20kA] Underflow 7t 2hlish A
a=93=NaN 0] L}& £& Q&LCt

o =

O|A=S HAI5H7| !IshAM ttE1t 20| 21 &
o «a CHAIO| log(a)
o U T4 log(U)
@ Monotone O|7|0] log(U) < log(a) 22 H|ustH EL|C}.
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Convergence of MCMC
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Convergence of MCMC

MCMC £ 1E5t= A2t OfEA Z12|E= A=A0] Chati M BRI S LT
SHA|QF & n2|= A7t 2 227110 U=2A|, Target Distribution 7 Off 2

ot U=A], HAFEH =2 57| AZR/=A], iid oA &= Aol
H|IZSH &=A S0l 2et WE0| B2t
O|AS &7| flaliMe T3S 4L FL o

@ Trace plot

@ Histogram

@ Auto-correlation Plot (ACF Plot)

@ Acceptance Probability

o Effective Sample Size (ESS)
2|0|| = 20| Bt=ZS otCIH, Posterior Mean, 95% HPD Interval S
sfolsM 232t 273 M2l T2 Terd & 9l ELic
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Convergence of MCMC
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Trace Plot

J|20l= AlZHO| wratA
wS wjojctol HEIE £oiR
gLt

ok 0{7|0 A& MCMC MES
PEH, ts.plot () &+Z ALESIHH

12

|'|jQJ_' —|—
o = =
0|| ad

Chain 1 - Low serial correlation - No apparent problems

A

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

2
o

Chain 2 - Long bum-in - Problem 1

5
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Chain 3 - High serial correlation - Problem 2
N n
»/' "'\M'\ wﬂ
oM A" W o
W Wi, e MW
N

Jaewoo Shin H|O| R £E{2 3R&} Sep 28 2024



Convergence of MCMC
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Burn-in
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Convergence of MCMC
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Histogram

MCMC MESE Ol E EUCHH, O|A 2tH =8 F2ef oLt
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Convergence of MCMC
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Auto-Correlation Plot

MCMC = i.i.d Sampling 7|10 OFElL|C} 3}R|8F {3|= 2|5t i.id 51
B0 NI 20| 3l MES 7+2| Correlation S £01517| 2|siAf ACF
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Acceptance Probability / Rate
st

X" 2 Accept, 22 Reject =

MH-Algorithm 2]
HHESHL|C}
o U < a O|™H Accept &L|Ct
o U > a O|™ Reject &L|C}.
A =2 Sl
Total#tofAcceptance

Accept SH= 3142t M| E2l 314:9| H| €S Acceptance Rate 0|2}11
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L Ct
Acceptance Rate =
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Convergence of MCMC
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Effective Sample Size (ESS)

MCMC = Dependent Sampling O|7|0]| Independent Sampling St
LHCH 450 ©O{ZILICt. ESS = Independent Sampling Of B|aH A
Ot} J50| oA |=2E 0*5‘-1—7"—.2 2| YLt
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Generate 10000 MCMC Samples of the following random variable.

0.5-N(1,0.3) + 0.5 - N(3,0.3)
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Practice
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Cauchy £X 9| pdf & CHS 2t Z&LICH
1
= - 5
0.7 [1+(55")7]

f(x —0o<x<o0, >0

Olwf g =2, =0 €} 10,000 7§ 22| MCMC Sample S HH5t
Acceptance Probability & S5liA] Bt=0{FA|2.
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